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The problems of optimization of control processes in recent years
attract considerable attention of researchers. The classical apparatus
of the calculus of variations [ 1-5 ] as well as newer methods are em-
ployed for their solution. Certain results, important for the theory of
optimum systems, have been obtained with the use of the maximum princi-
ple of Pontriagin [6-9 1, the methods of functional analysis [ 10 ], and
the method of dynamic programming [11 1.

Numerous questions of optimization of control processes can be formu-
lated in the form of the Lagrange problem [ 1, 12-15 ], the Mayer problem
[6,8 ], and the Mayer-Bolza problem of the calculus of variations. Here,
the most general of them, the Mayer-Bolza problem, is discussed, with
the modifications introduced by the questions of optimization [2-4, 13,
14 ] and with the limitations imposed on the controls being taken into
account. For this case the necessary conditions of minimum are estab-
lished.

The author expresses his gratitude to A.I. Lur’e for his attention
and help in carrying out this work.

1. Formulation of the problem. Consider the functions x (t)
(s=1, ..., n) and u(t) (k=1, ..., m) satisfying, for t; < t < T,
the system of n ordinary differential equations of the first order

8, =% — [, (@1, oo\ Tn, Upy s Um, ) =0 s=1,... n) (1.1)
and the r finite relations
Y= Pr(Uy, . ooy Um, 8) =0 k=1,...,r<m) (1.2)

and satisfying also the p conditions at the ends (t;, and T may be not

35



36 V.A. Troitskit

fixed)

q)z = CPZ [xl (to)i AR ] x’ﬂ (to)v t()’ xl (T)7 20y xn(T): T] = 0
=1, ..., p<2n+1) (1.3)

It is required to find those functions x, u, for which the functional

J=glz; (t), - .., Zalty), £ 2y (T), .., 2o (T),T] +
T
+& Fo(@ay ooy Ty Uy, oee, U, D) d (1.4)

ty

assumes the minimum (or maximum) value.

This formulation leads to the Mayer-Bolza problem [13 ] of a particu-
lar type complicated by the existence of Equations (1.2) and the func-
tions uh(t) whose derivatives do not appear in the equations of the
problem. It includes a wide class of optimization problems of control
processes [ 14 ]. In the discussion of such problems, the functions u,(t)
are called the control parameters or controls, and x,(t) are called the
coordinates. This terminology will be used in the following.

We shall assume that all the requirements of the calculus of vari-
ations imposed on the functions used in this formulation are satisfied.
We shall investigate only the normal curves [13 ] of the n + m dimen-
sional space of the coordinates and controls which correspond to a
minimum of the functional J. The case of maximum may be reduced to the
case being discussed by changing the sign of J, or by changing the signs
of the inequalities given in the following.

Unlike in the cases considered previously [ 14,15 ], where only the
necessary conditions of extremum were discussed, we shall investigate
here the trajectories with the general conditions (1.3) for the ends,
the functional J including two terms, and we shall state all necessary
conditions of minimum of the functional J. In [14 ] the method of using
the equations of the type (1.2) is described with the limitations in the
form

U < () < U™ (1.5)

which determine the interval of admissible changes of the controls. In
the present case, the relations (1.2) are assumed in the form

Y = B — Y (@) = 0 (1.6)

where the function Xh(ukl) is defined as
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;.
U, Eu—kl =0, u, < U&Il)
d
¥r (@e) = 3 Y Ez—’;—l_éo, U<y < UL@ (1.7)
1
axy
U 717}{_1 =0, w > Uk‘(z)

with uy being an additional control parameter. These equations may be
also established in the form [4 ]

(U — wg) (e — Un™) —up* = 45 = 0 (1.8)

We note that a similar assumption can be used if more general limita-
tions are considered

AV Loy, s tm, 1) QP (1.9)
where i, has the form
Y=0(®, -, Um, ) — Y (Um4q) =0 (1.10)

and x(u, , ,) can be obtained from (1.7) by substituting Q1) and Q2
for Uk(l)'and Uk(z).

In this way one additional control is introduced for each of the
limitations of the type (1.5) or (1.6). All of them should be included
in the total number of m controls existing in the equations of the prob-
lem. The additional controls, however, enter only in Equations (1.2) but
do not appear in Equations (1.1). The functions f, contain all the con-
trols if the relations (1.2) reflect a kinematical or other property of
the system being optimized, and the optimum problem without limitations
is discussed.

With the use of the relations of the type (1.6) or (1.10), the tran-
sition is accomplished from the closed domain of the coordinates and
the controls actually existing.in Equations (1.1) to the open domain of
the coordinates and all the controls, including also the additional con-
trols introduced by Equations (1.2).

The limitations (1.5) and (1.9) will be an essential feature of the
problems of optimization of control processes. They complicate consider-
ably the solution of the problem since they necessitate the considera-
tion of the discontinuous functions u,(t). Thus, the functions corre-
sponding to the minimum value of the functional J will be sought among
the continuous functions x _(t) with piece-wise continuous derivatives
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x'(t), and among piece-wise continuous controls u,(t). In [15], certain
conditions of integral type were formulated, which here will not be
considered.

2. The condition of extremum of the functiomal J. In
establishing the condition of minimum of the functional J, the equi-
valent expression is used

T
I=e+ngt (2.1)
t,
where
P
b=¢+ 2w @2.2)
i=1
n r "
L=fo+ ) hgy— 3 ¥y, =3 Aheta — H (2.3)
8=} k=1 s==1
H=H +Hy= Mf, + Nl (o=—1) (2.4)
8= k=1

Here, p;, A,(t), and p;(t) are the undetermined multipliers of
Lagrange which are to be calculated. Furthermore, the first variation Al
of the functional I is constructed and assumed to be equal to zero. This
results in the sought condition of extremum of the functional J.

Such a procedure, although for a simpler problem, has been described
in [14 ]. Therefore, only the final results will be given:

The equations

oH oH v
P (s=1,...,n), =0 (k=1,...,m) (2.5)

At = —
+
o,

the boundary conditions

d
W)=y =0 G=dm U= @=0 (@)
M)+ g =0 =1, U +B=0 (@7)

The Erdmann-Weierstrass conditions (i.e. the conditions of continuity
of A (t) and H)

ME)=hE) =t....m (H ) = (H*)e (2.8)

The derivatives d@ /dt, and d6 /dt in Equations (2.6) and (2.7) are
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equal to

g _ - . dg __ 0 i
aG = + 2‘1 6:: (z.,) Zs (t), =2 8:: (T) 2,(T)

=1

As was done in [14 ], we assume that, in the interval ty< t<T,
there is one point t = t* of discontinuity of the controls u,(t), and
we denote by the signs — and + the values of the corresponding functions
in the sub-intervals t, < t <t* and t* < t<T.

The relations (2.5) to (2.8) represent the conditions of extremum of
the functional J. In order to solve the problem of optimization, they
should be complemented by Equations (1.1) and (1.2), which can be
written in the form

- aH oH
ZT = (s=1,...,n), a—pk—i_—_o (k=1,...,7) (2.9)

by the end conditions (1.3), and by the conditions of continuity of the
coordinates

x5 (t*) = z5" (t*) (s=1,...,m) (2.10)

Nowi to determine the 4n + 2m + 2r functions x‘i(t) A i(t), u, t(¢),
and p,“(t), we have the 2n + 2» Equations (2.5) and the 2n + 2r Equa-
tions (2 9). Integration of the differential equations introduces 4n
constants, which can be determined together with the multipliers
p(l=1, ..., p) and the quantities t,, t*, and T from the 4n + p + 3
conditions (2.6) to (2.8), (2.10).

The second group of Equations (2.5) should be noted; they coincide
with the necessary conditions of extremum of the function H with respect
to the controls u,. If the functions f, and ¢, do not depend explicitly
on time, the following first integral exists

H =H)+ H, = h = const (2.11)
In this case the relations are valid
29 99 _
—a = h (2.12)

which replace the second group of Equations (2.6) and (2.7).

3. The necessary condition of Weierstrass. The necessary and
sufficient condition of Weierstrass for the absolute minimum of the
functional J can be established with the use of the Weierstrass function
E, which in this case has the form
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EZL(:‘CD‘":&;T&:XD"':X?!: Ul:-"aU‘ma klv"-ylnrply°"ypnt)—
ML(xl""!xﬂ!xly"'yxnyulv""um) ;\'1,--'»7"11:}11;--',Pr,t)—
"o .. 8L
— SV (X, — ) 2 (3.1)
- oz,

Here, z_ and u, correspond to the curve for which the functional J is
minimum; X_ and U, are arbitrary admissible functions satisfying Equa-
tions (1.1), (1.2), and the conditions (1.3).

In the textbooks [12,13 1 a different form of the function E is given,
without the controls u, and U,, which is compatible with the problems
discussed in those books. The necessity of introducing the controls u,
and U into the variational problems of optimization of control processes
may be shown by repeating the arguments and calculations leading to the
necessary condition of Weierstrass [13 ] and taking into account that
the functions f_and ¢, depend on the controls u, but do not depend on
their derivatives (this is given in the Appendix, Section 6).

Substituting expression (2.3) into Equation (3.1), we obtain

E:——H(xl,...,ﬂ:n, U],s--,Um) A'11~"'1)"1'ln Pl,---’Pr»t)+

FH(@yy ovoy By Byy ovvy By Mgy coey Ay Byy <00y Py B) (3.2)
The necessary condition of a strong minimum of the functional J
E>O 3.3)
is equivalent to the inequality
H@y, ooy Zny Uy ooy Umy Mty oovy Ay By oo oy By B
KH(Xy, oooy Tny gy o ooy Bmy Ay voey Any Biy - ovs Bry 1) (3.4)

Exceeding the scope of this paper, we can note that the sufficient
condition of Weierstrass for the absolute minimum follows from (3.4) if
the sign of equality is omitted. Thus, in an optimum system correspond-
ing to a minimum value of the functional J, the function H is maximum
with respect to the controls u,, for their arbitrary admissible values.

Since the additional controls, discussed in Section 1, do not enter
into the function Hy and since H, = 0, the Weierstrass condition and the
extremum condition for the problems discussed can be formulated in a
form analogous to the maximum principle of Pontriagin {6,8 ].

The parameters of control uy, for which the functional J reaches its
minimum value, correspond also to the maximum of the function Hy for
arbitrary admissible x_(t), A (t), p,(¢) satisfying Equations (2.9),
(2.5), conditions (1.3;, (2.6;, (2.7?, and the continuity conditions
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(2.8), (2.10).

It should be stressed that with the use of this principle, important
results of the theory of optimum systems have been obtained in the
papers by Pontriagin, Gamkrelidze, Boltianskii, Rozonoer, and others.

4. The necessary condition of Clebsch. In order to derive the
necessary condition of Clebsch for a weak minimum of the functionmal J,
we can use the results of the preceding section. We assume that U, and
X, s§t%sfying Equations (1.1) and (1.2), differ from u, and % by small
quantities, such that

Uy = ug + dux, X;=2z,+ bz, (4.1)

where du, and 8%  are small admissible variations satisfying the vari-
ational equations along the curve corresponding to a minimum value of the
functional J

6553—2 —f~k6uk—0 (s=1,...,n) (4.2)
k=1
m q)k
3 Béup—o (k=1,...,7) (4.3)

B=1

We substitute expressions (4.1) into Equation (3.1) and we expand the
first term of its right-hand side in a series in Su, and 6%,. We have
then

n n azL
R N Z Py 6x86xa+22 2 Py bzabuk-{— 2 Z au 0 5uk5up (4.4)

§=1 a==1 s=1 k=1 k=1 8=1

where the terms of the order higher than two are neglected. Substituting
L from (2.3) into this last relation, and using the condition (3.3), we
obtain

2"\: i o dundug < 0 (4.5)

This inequality, together with equations (4.2) and (4.3), represents
the necessary condition of Clebsch for a weak minimum of the functional
J. It is easy to see that this condition and the extremum condition co-
incide with the necessary condition for a maximum of Hy, with respect to
the controls u,, with Equations (1.2) being satisfied and for small
admissible variations of the controls. All the derivatives in Equations
(4.2) to (4.5) are to be calculated at the points of the curve corre-
sponding to a minimum of the functional J.
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5. The necessary condition of Jacobi. The last necessary con-
dition of minimum of the functional J is the condition of Jacobi. Accord-
ing to this condition we require that the second variation A?I of the
functional I, calculated at the curve corresponding to a minimum of the
functional J, does not assume negative values [13 1. This variation is
of the following form

A%l = 2¢ Az, (to) sy Bz (ty), 8t,, Axy(T), ..., Aza(T),8T) +

+2 2 [ |+ {5 — 3 24]or} +

82(0(63:1, ey Og, duy, ..., Sum)dt (5.1)

{,
and it can be determined as described in the book by Bliss {13 ].

In the Expression (5.1), 2¢ and 2w denote the quadratic forms

29 —{Z S e LA - Andz+23) 5o Kl Ax,5z+"agaz2} (5.2)
s=1 a=1 8=1
n n m
= Z Z 62;6%—{-22 Z axa stéuk—{—z, 2‘ au 6u du,bug
8=1a=1 s=1 k=1 k=1 =1
(5.3)

The intervals used at certain terms in the relation (5.1) and the
form (5.2) are introduced to simplify the notations, and they denote,
for example in the case of the second term in equation (5.1)

T} T o (0L " /oL
2 2—]11@_2_ Axsét]l. =2 a (a_z)T Az, (T)8T — 2 21 (6—2-6)“ Az, (t) 8t

_ Finally, Ax (t;) and Ax (T) denote the variations of the ends of
the comparison curves

Az, (to) = 8 (to) + s (to) Oy, Az (T) = 82, (T) + x, (1) ér (5.4)

All the coefficients of the variations in Equations (5.1) to (5.3)
are to be calculated at the points of the curve corresponding to a
minimum of the functional J.

Using the relation (2.3), we can express the coefficients of the
quadratic from (5.3) in terms of the second derivatives of the funct.mn

H, which results in
n m m

n
o \ aH SRS
20 = bxséxa+22‘ E 6x du ,Zauh duy dug

s=1a=1 k=18-1 (3.9)
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Let us consider now the condition of non-negativeness of the second
variation (5.1). It can be obtained by solving the associated problem of
minimum of the second variation [13 1, i.e. by determining such vari-
ations 8x, ..., 8x, 8u,;, ..., Su,, 8t,, and 8T, related by the vari-
ational equations at the curve corresponding to a minimum of the func-
tional J

. = 9, < of,
égs_—_éxst—ax—éxa“Z 6u.§uk=0 (s=1,...,n) (5.6)

k=1
Wk—z aa+2 e éup—O (k=1,...,7) (5.7)
Q===)
and the conditions 58)
n (5.
de g
7‘;’-6:0+s§=}13,,s(,’0 (0)+d’6T+Z (T) e, (T) =0 (i=1,...,p)

that the second variation A’ reaches its minimum value. In this case,
A?I can be represented in the following form
A = j[8zy (t), . - -, 82, (2,), 8Ly, 021 (T), ..., 82, (T), 8T'] +
T
- S 20 (8xy, . . ., Oy, S0y, . .., B1y ) dE (5.9)
ty
which follows from the substitution of the variations (5.4) into (5.1).

The form of the functional (5.9) and the restrictions (5.6) to (5.8)
indicate that the associated problem of minimum of the second variation
reduces to the variational problem of Mayer and Bolza, of the type de-
scribed in Section 1. In the solution of this problem, the results de-
scribed above may be used.

It should be noted that in many cases we may limit ourselves to the
investigation of the extremum conditions and the conditions of Weier-
strass or Clebsch. The associated problem of minimum of the second vari-
ation A?I of the functional I has actually the trivial solution

82y = ... = Oy =Dty = ... = Oy = 88, — 8T = 0 (5.10)

If this solution proves to be unique and satisfying the condition of
extremum of the second variation, then the condition of Jacobi is thus
fulfilled.

6. Appendix. The necessary condition of Weierstrass. In establishing
the necessary condition of Weierstrass for an absolute minimum of the
functional J, we shall follow the book by Bliss [ 13 1. The variational
problem will be considered as formulated in Section 1. We assume that
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the functions }3 and ¢k have derivatives of the order used in the follow-
ing discussion.

In the n + = dimensional space Blo eees Xp, Uy, oe., U, WE shall con-
sider a normal [ 13 ] curve C, satisfying Equatioms (1.1), (1.2), and con-
ditions (1.3), which corresponds to the minimum of the functional J. We
shall assume that the matrix
)

qu

A
ou

whose i, jth element is the derivative 6¢Q/6u-, has on the curve C the
rank equal to r, i.e. equal to the number of equations (1.2).

Then, repeating the calculations presented in the book by Bliss, we
find that the curve C may be included in the p-parameter family of curves

zg (b, 1) s=1,...,n), uy (b, t) (k=1,...,m) 6.1)

satisfying Equations (1.1) and (1.2), with the values b1 = L., = bp =0
corresponding to the curve C. Here and in the following, to simplify
notations, b denotes the whole set of parameters b,, ..., b, Similar
notation x and u will be used for the set of coordinates Xy eees X, and

controls Ups ooy Uge

In the interval tg < t < T, we select now a point t’, not coinciding

with a corner point of the curve C, and we construct three families of
curves

z, (b, 1), u (b, 0) (to— 8 Lt L, |b<e)
X010, U @ <ISE4e [bl<e ] <e)
x (b, e, 1), u, (b, t) (' FetLT 48, (b <e, || <8) (6.2)
s=1,...,mn k=1,...,m)

satisfying the equations
T,—fy (2, u, ) =0  (s=1,...,n) Pplu, ) =0 (k=1....,r) (6.3)
in the first and the third intervals.
The curves of the second family satisfy the equations
X, —X,U, =0 (s=1,...,n), (U, )=0 (k=1,...,7) (6.4)

In constructing these families of curves, the conditions have been
used

4
2, (5, to) = %, (to) + ) bbsq (f)

a=1

X, (b, t") =1z, t), z (b, e, t' L&) =X, (b, t'+e) (s=1,...,n) (6.5)
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Uk(t) denote arbitrary admissible functions. For b = ¢ = 0, the first
family and the third family yield the functions determining the curve C.
We use the notation

dx Jdu,,
Esa = ET Cra = W

(6.6)

for the variations of the first and the third families with respect to
the parameters ba, and the notation
or du,,

L= o> k=7, = 6.7)

for similar variations with respect to the parameter e. From (6.2) and
(6.5) we have

(=0 (t—08Lt1), g (1) 4+ E (1) =X (1) (6.8)

We introduce the variations P and T of the abscissas of the left-
hand and the right-hand end with respect to the parameters b

P P
to@) =to4+ D) byTper TGV =T+ D) b,77, (6.9)
a=1 a=1
where ty and T correspond to the curve C. Substituting the functions E
and ug, and the quantities t, and T from Equations (6.2) and (6.9) into
the boundary conditions (1.3), we obtain the equations

Q=g 0 )=q =z O] u®), b e, TH], TGR=0 (=1,...,p) (610

We note that the determinant |[d¢,;/ db, | is different from zero on
the curve C, as this curve is considered to be normal. But then Equations
(6.10) have the solutions

b, = B, (¢) (6.11)

a
which become equal to zero for ¢ = 0.

Eliminating with the use of (6.11) the parameters b, from the ex-
pressions (6.2), we obtain a one-parameter family of curves satisfying
Equations (1.1) and (1.2) and the end conditions (1.3). This family con-
tains the curve C at e = 0. For this value of ¢ = 0, the equation holds

-
21 (;b_?— )o Ba" () + (%fi )0 =0 (6.12)

Here, the subscript 0 indicates that the values of the derivatives
are calculated for e = 0.

Since the curve C corresponds to a minimum of the functional J, its
derivative with respect to ¢ (e > 0), for e = 0, cannot be negative.
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Consequently, the necessary condition of minimum of the functional J
will be the inequality

(4L) = s ("J_) B '(0)+(£) >0 (6.13)
de /o 90,70 ¢ de /o = ’

Calculating the values of the derivatives in this inequality, we sub-
stitute the functions (6.2) into the functional J, and we obtain

T (b, ) =T [z(b, to (b)), to(b), z(b, e, T (5)), T (b)] (6.14)

To the right-hand side of this relation we now add a component identi-
cally equal to zero

(L — /o)t

Pad i Y]

Thus, we have the sum

J=g(b e + g Lz (b, t), z(b, t), u(b, t), A (t), p (), t]dt +

L)
t'+e

+ \ Lo o0 voa0 o 0+
o
T(b)

+ R Lz (b,e t), (b, e t), u(d, t), h(t), p(t), t]dt (6.15)
t':{»—e

Differentiating it with respect to b,

35—="——ag—£} S (525 2]
%a E[ax o e ) Sa 0+ 2 | 52 +<0z’. Jram
" AL
b 0= (1) g 0]
)'+e (axs M ]
.

+;S{§[-"L - )]Em+ E—Qﬁa}dw

tyb) o=y - 0

t'+te
S {" oL 90X, 9L 9X,

3%, @, ' oX, 3,
—1

+dt m+ rTa+2 L<

+ }dlﬁ-
g
T®) g \ m
oL d (8L < oL }
Pt S bl == dt A
+ {3 {axs . (& e+ 3 =t (6.16)
t'4e s=1 8 B=1
Calculating the value of this derivative for ¢ = 0, we note that for
e = 0 the second integral on the right-hand side becomes equal to zero.
Assuming that the conditions of extremum are satisfied, we see that only
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the first four terms of the sum (6.16) are different from zero. They can
be transformed to the form

3 {2 - () ]g,a<.,)+[ax fr+(2) Jeu)+

d 3Wz
+——dﬁ Tra + = Z T (6.17)
and we have finally
>
’61*) aWz)
LA VIR S (__ —0 (6.18)
(aba 0 E} t\Bs, /o

In & similar way the derivative is determined

=]

n

T)—{—L(x,X U, b, w, t)pp— L (, Z, u, A B, )y —

) o . \
L ) aL d { 8L
LY g+ [-—~(~.— }a a (6.19)
Z (8 ’ t'4e s§1 9z, at oz, / ’

The 1last term of the right-hand side of this expression becomes equal
to zero according to the condition of extremum. Considering that the
variations of the abscissas of both ends of the family are equal to zero,
a:o/a, = 0 T/0e = 0, we obtain the following result

(%Z—)O + i o (i’;-}) =By (6.20)
=1

where E denotes the Welerstrass function of our problem
n

E=L(z X, U, hp t) =L (5 % u, b p ) — 3 (X, --x,)g’:_ (6.21)

8=zl Ts

Substituting the derivatives <a.1/aba)° and <a.f/ae>b into the in-
equality (6.13), and using the relation (8.12), we obtain the final re-
sult

aJ .
o )= E)>0 (6.22)

This inequality should be satisfied for am arbitrary point ¢t not co-
inciding with corner points of the curve C. Nevertheless, continuity
implies that it should be also satisfied at cormer points.
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